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Rotation of the swing plane of Foucault’s pendulum and Thomas spin
precession: Two faces of one coin.
M. I. Krivoruchenko∗
Institut fu¨r Theoretische Physik, Tu¨bingen Universita¨t, Auf der Morgenstelle 14
D-72076 Tu¨bingen, Germany
Using elementary geometric tools, we apply essentially the same methods to derive expressions
for the rotation angle of the swing plane of Foucault’s pendulum and the rotation angle of the spin
of a relativistic particle moving in a circular orbit (Thomas precession effect).
PACS numbers: 01.55.+b,01.65.+g,02.40.Ky,03.30.+p
I. INTRODUCTION
Jean Bernard Le´on Foucault conducted his first pen-
dulum experiment in Paris in January 1851, aiming to
prove the rotation of the Earth by demonstrating the ro-
tation of the plane of swings. Originally, the suspension
length of the pendulum was 2 m. The next experiment
was set up with the suspension length 11 m at the Obser-
vatory of Paris. Louis-Napole´on Bonaparte, the first tit-
ular President of the French Republic and nephew of the
famed Napoleon I of France, was informed of Foucault’s
work and proposed him to conduct an experiment at the
Panthe´on. The experiment took place on 31 March 1851,
with the pendulum bob weight 28 kg suspended under the
Panthe´on dome by a steel wire 67 m long.
Aristarchus of Samos who proposed the first consis-
tent heliocentric model around 270 B. C. explained the
observed rotation of stars by the axial rotation of the
Earth. Similar ideas were discussed earlier by Philolaus,
philosopher of the Pythagorean school, in the V-th cen-
tury B. C. and by Greek philosopher Herakleides in the
IV-th century B. C. If idea on the axial rotation of the
Earth is correct, one can expect that because of inertia
the plane of swings of the Foucault’s pendulum does re-
volve delaying the Earth rotation. It, however, the Earth
is fixed and motionless, as was embraced by both Aris-
totle, Ptolemy, and most Greek philosophers, the swing
plane of Foucault’s pendulum cannot rotate.
From the technical point of view, the experiment with
the Foucault’s pendulum was accessible to all ancient
and more recent civilizations, including Greeks, never-
theless, the experiment has been done in the New Era
only. During one and half thousands of years it was as-
sumed that the problem of rotation of the stars does not
require additional attention because of the incontestable
authority of Aristotle and success of the Ptolemy heo-
centric model that described and describes until now the
motion of planes with high precision. The interest to the
problem and discussions recommenced again in the XVI
century after the works of Nicolaus Copernicus and com-
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pleted essentially after the works of Johannes Kepler at
the beginning of the XVII century.
From the viewpoint of an observer at the Earth, re-
mote stars complete one rotation in the clockwise direc-
tion during 1 sidereal day = 23 hours, 56 minutes, 4.091
seconds.
The observed rotation rate, ϕ˙E ≈ −11
◦ per hour, of
Foucault’s pendulum is not equal to −360◦/24 = −15◦
per hour, nor is it zero (the minus sign indicates that the
swing plane rotates clockwise).
If an observer in the coordinate system of the remote
stars transports the Foucault’s pendulum to the North
Pole along the Earth meridians keeping the angle be-
tween the pendulum’s plane and the meridians fixed, she
will detect a uniform precession of the pendulum’s plane
relative to the remote stars. The rotation angles ϕS and
ϕE , relative to the remote stars and the Earth meridians,
respectively, are related by ϕS = 2π+ϕE for one sidereal
day. In the adiabatic approximation and for small swing
angles, the rotation angle ϕS is given by
ϕS = 2π(1− cosϑ), (1)
where ϑ is the polar angle. The adiabaticity means that
the period of the Earth’s rotation is much greater than
the period of the swings.
The equation of rotation of the plane of swings of Fou-
cault’s pendulum, as illustration of the laws of classical
mechanics (see, e.g., [1] and also Section III), is an ele-
ment of program of university courses of physical facul-
ties.
Thus, the Foucault’s pendulum, placed at the North
Pole, during the day turns at an angle ϕE = −360
◦.
At the Equator the pendulum does not rotate. The
Panthe´on in Paris is located at the parallel ϑ = 41.15◦ (in
geography one speaks about the latitude α = π/2 − ϑ).
From the equations we obtain ϕ˙E = −11.3
◦ per hour,
which is consistent with the observations on the Fou-
cault’s pendulum and precludes accompanying ”rotation
of heavens” with high accuracy.
The rotation of the plane of the pendulum provided the
first evidence for the rotation of the Earth by terrestrial
means.
In the process of movement of the pendulum along the
surface of the Earth the plane of swings, as a consequence
of the laws of classical mechanics, remains parallel to
2itself [2–6]. This remarkable fact allows to investigate
the evolution of the Foucault’s pendulum using geometric
methods.
The bob’s velocity in the equilibrium point is tangent
to the surface of the Earth, and therefore belongs to the
tangent space of the surface. The plane of swings of the
pendulum can be described by a vector orthogonal to
it. Such a vector lies in a plane tangent to the Earth’s
surface also. In the absence of external forces and/or
torques tangent vectors under the displacement experi-
ence parallel transport. For example, vectors tangent to
Minkowski spacetime, M = R1,3, like four-velocity, re-
main fixed under displacement, whereas tangent vectors
of curved spaces like the surface of a sphere, S2, or the
space of physical relativistic velocities, rotate under dis-
placement in order to remain tangent to the correspond-
ing surface. This kind of evolution is associated with
inertial motion. In the first case the displacements occur
in Minkowski spacetime, in the second and third cases
the displacements occur on the surface of a sphere and in
the space of physical relativistic velocities, respectively.
The geometric basis of the relativistic effect known to-
day as Thomas precession has been discovered in 1913
year by French mathematician E´mile Borel [7]. He
pointed out noncommutativity of non-collinear Lorentz
transformations, described an analogy between transfor-
mations of vectors on a spherical surface and in the phys-
ical relativistic velocity space, and provided the lowest
order estimate of kinematic precession of axes of a rigid
body on a circular orbit.
The same year two young mathematicians Ludwig
Fo¨ppl and Percy John Daniell derived exact expression
for the rotation angle due to Thomas precession, corre-
sponding to one period of a uniform circular motion [8]
φS = 2π(1− cosh θ), (2)
where θ is rapidity, cosh θ = γ = (1 − v2/c2)−1/2 is
Lorentz factor, v is velocity of the body, and c is speed
of light. The work of Fo¨ppl and Daniell has been recom-
mended for publication by David Hilbert.
The relativistic precession effect has been known at
about the same time to Ludwik Silberstein [9].
In the early 1920s, Enrico Fermi [10], and later Arthur
Walker [11], established a transport rule for vectors to
construct preferred reference frames in the general the-
ory of relativity. In the Fermi-Walker transport, vectors
tangent to the physical relativistic velocity space behave
like the axes of a rigid body as described by Borel et al.
[7–9].
The problem of the relativistic precession has attracted
attention of physicists, since Llewellyn Thomas [12] un-
covered its fundamental significance for theory of atomic
spectra. The effect was found to reduce the spin-orbit
splitting of the atomic energy levels by a factor 1/2
known presently as the Thomas half. In the course of
his work, Thomas has only been aware of de Sitter’s pa-
per on the relativistic precession of the Moon, published
in a book by Arthur Eddington [13].
Group-theory aspects of the spin rotation under the
Lorentz transformations were introduced to physicists by
Eugene Paul Wigner [14]. The term ”Wigner rotation” is
used as a synonym of the rotation of a spinning particle
under the coordinate transformations and specifically as
a synonym of ”Thomas precession”, too.
The history of early study of the relativistic precession
effect is described in Ref. [15]. As claimed by Robert
Merton, multiple independent discoveries represent the
common pattern in science [16].
Recently, the geometric nature of the spin precession
effect of a relativistic particle has again attracted atten-
tion. It was shown in [17] that the rotation angle φS is
determined by an integral over the surface limited by the
closed trajectory of the particle in the physical relativis-
tic velocity space. This property characterizes parallel
transport of vectors in a Riemannian space (see, e.g.,
[18]). Parallel transport in the relativistic velocity space
and Thomas precession were discussed in [19] in detail.
Rotation angles ϕS and φS correspond to a geometrical
phase that occurs in many areas of physics [4, 5, 18].
The analogy between rotations and Lorentz transfor-
mations is of the high heuristic value. In particular,
we recall that the relativistic velocity addition theorem
can be obtained as the composition law for arcs of the
great circles on a sphere of imaginary radius in a four-
dimensional Euclidean space with one imaginary coordi-
nate (time). By introducing the imaginary coordinate
(time), it is possible to transform a hyperboloid of physi-
cal relativistic velocities into a sphere of imaginary radius
in a four-dimensional Euclidean space. Both for Fou-
cault’s pendulum and for Thomas precession, the surface
along which a displacement occurs can be considered a
sphere. This suggests that the rotation effects of Fou-
cault’s swinging pendulum and Thomas precession, ob-
viously, are geometrically identical; this does not neces-
sarily contradict to the different physical natures of these
systems.
The aim of this methodological note is to show that
expressions for the rotation angles ϕS and φS can be ob-
tained by the same method using elementary geometrical
tools for parallel transport of vectors over corresponding
surfaces. In the first case, this is the Earth’s surface, i.e.,
a spherical surface in the Euclidean space R3. In the sec-
ond case, this is the physical relativistic velocity space,
i.e., the hyperboloid u2 = 1 in the tangent space TxM of
Minkowski spacetime.
The visual tangent-cone geometric method used to de-
rive the main equations in Sections III and IV is often
used to illustrate the effect of curvature on the parallel
transport of vectors along a spherical surface (see, e.g.,
Appendix 1 in [1]). This method was used by Somerville
[2] and Hart, Miller, and R. L. Mills [3, 20] to describe the
evolution of Foucault’s pendulum. In Section II, we recall
the main principles of parallel transport. In Section III,
based on the consideration of Foucault’s pendulum evo-
lution from the dynamic standpoint, we show that the
evolution is reduced to parallel transport of the swing
3plane of the pendulum over a spherical surface, and ob-
tain Eq. (1). In Section IV, the tangent-cone method is
generalized to the case of Thomas precession and is used
to obtain expression (2).
II. PARALLEL TRANSPORT
A. Euclidean space
The concept of parallel transport of vectors originates
in Euclidean geometry. Two vectors are said to be par-
allel if two straight lines that pass through the endpoints
of these vectors are parallel in the sense of Euclid’s fifth
Postulate and their orientations coincide. Any continu-
ous transformation which preserves length and keeps the
vectors parallel at each infinitesimal step is called parallel
transport.
Given a vector A at a point P , there exists one and
only one vectorA′ at point P ′ that can be constructed by
parallel transport ofA from P to P ′. In Euclidean space,
the summation and subtraction of vectors at different
points are defined with the help of parallel transport and
the triangle rule. The condition of parallel transport may
therefore be written as
δA = A′ −A = 0, (3)
where δ stands for an infinitesimal displacement. Equa-
tion (3) is also valid for finite displacement.
Parallel transport has a natural description in analytic
geometry. The Cartesian coordinate system is defined by
basis vectors ei constructed at an arbitrary point P and
transported parallel to other points:
δei = e
′
i − ei = 0. (4)
Contravariant coordinates of a vector A are fixed by
the decomposition A = Aiei; covariant coordinates are
scalar products Ai = A · ei. Because the basis is or-
thonormal ei · ej = δij , δij = δ
ij , Ai = δijAj = Ai and
A ·B = AiB
i.
Parallel transport does not change the Cartesian coor-
dinates of vectors:
δAi = δ(ei ·A)
= δei ·A+ ei · δA = 0. (5)
As a consequence, the scalar product of vectors remains
invariant,
δ(A ·B) = δAiB
i +AiδB
i = 0. (6)
B. Riemannian space
Riemannian space is locally Euclidean space. At every
point P one may find a coordinate system in which the
metric takes Euclidean form and at every point P ′ of a
neighborhood of P the deviation of the metric from the
Euclidean metric is of the second order in the distance
between P and P ′.
The notion of straight lines makes sense locally. In
a locally Cartesian coordinate system at P , straight
lines that pass through P are parameterized by x =
v∆ℓ + O(∆ℓ3), where ∆ℓ is the distance from P . [21]
Geodesic curves look locally like straight lines. Straight
lines determine the shortest lengths between two points,
so geodesic curves have the shortest lengths locally and
globally.
The concept of parallel transport of vectors also makes
sense locally. In a local Cartesian coordinate system,
parallel transport is defined by equation (3) to first order
in displacement. Globally, parallel transport refers to
transformation along a curve, where a vector undergoes
local parallel transport at every step. In Riemannian
space, parallel transport preserves the scalar product and
as a consequence lengths and angles between vectors.
During parallel transport along a straight line in Eu-
clidean space, the angle the vector A makes with the
path remains fixed. Such a property holds locally in Rie-
mannian space. Together with the requirement of fixed
length, this uniquely defines parallel transport in two-
dimensional Riemannian space. As a consequence, the
angle remains fixed globally along the entire geodesic.
In higher dimensions there still exists a freedom to ro-
tate A around a vector tangent to the path. Under par-
allel transport in Euclidean space and locally in Rieman-
nian space, A remains within the initial two-dimensional
plane spanned by A and the vector v tangent to the
path at P . This property forbids arbitrary rotations and
uniquely defines parallel transport in Riemannian spaces
of higher dimensions. [22]
C. Riemannian space as hypersurface of Euclidean
space
Riemannian space can be imbedded into a Euclidean
space E of higher dimension and treated as a hypersur-
face Σ ⊂ E. A global Cartesian coordinate system of
hyperplane Π(P ) tangent to hypersurface Σ at point P
may be chosen as a local Euclidean coordinate system of
Σ at P . In the neighborhood of P ∈ Σ, metric relations
and algebraic operations with tangent vectors coincide
within the hyperplane and hypersurface to first order in
distance from P . This gives the freedom to operate with
the simplest geometric objects in Riemannian space lo-
cally as though they are in Euclidean space.
The tangent components of the vectors of the embed-
ding Euclidean space satisfy Eqs. (3) and (4).
Vectors of Euclidean space E have components orthog-
onal to TPΣ. The conditions for parallel transport in
Σ do not limit a change of these components. For any
extension of the definition, a parallel transport in Σ of
a vector A ∈ TPE is not the parallel transport in E in
general. From the standpoint of E, a precession of A
4occurs.
Let the vectors ei form a local Cartesian basis in tan-
gent space at P . The same vectors are basis vectors of
Π(P ). In the infinitesimal vicinity of P ∈ Σ, parallel
transport conditions (3) and (4) for vectors A ∈ TPE
may be written as
ei · δA = 0, (7)
ei · δek = 0. (8)
The first order variance of the tangent components of A
with respect to the displacement vanishes. Equation (8)
shows that in a local Cartesian coordinate system the
Cristoffel symbols of the hypersurface vanish also.
The normal component of the variation ofA is not con-
strained by Eq. (7). Fermi-Walker transport [10, 11, 23]
provides a condition for the variation of the normal com-
ponent of the vectors as well. In the problems of Fou-
cault’s pendulum and Thomas precession, the normal
components of vectors vanish identically. In such a situ-
ation, Eq. (7) is kinematically complete.
Parallel transport within a hypersurface from P to P ′,
when P ′ is infinitesimally close to P , can therefore be
considered as being equivalent to parallel transport of a
vector within Π(P ) and its subsequent projection onto
Π(P ′), as shown on Fig. 1. The result is independent
of the point of the intersection of Π(P ) and Π(P ′) at
which the projection is made. Once parallel transport is
defined under infinitesimal displacements, it is defined in
the integral sense.
FIG. 1: Parallel transport of vector A between infinitesimally
close points P and P ′. Σ is hypersurface, Π(P ) and Π(P ′)
are hyperplanes tangent to Σ at P and P ′, respectively. A
is transported first within Π(P ) to an intersection point of
Π(P ) and Π(P ′). Then A is projected onto Π(P ′) and is
transported within Π(P ′) to P ′. The distance between P and
P ′ is of the first order in α, whereas the variation of length
of the vector δ|A| = (1 − cosα)|A| is of the second order in
α. In the continuum limit, |A| remains fixed.
Equations (7) and (8) lead to the conclusion that, if
the basis vectors and tangent vector A simultaneously
undergo parallel transport along a geodesic curve, the
coordinates ofAmeasured in the local basis remain fixed.
This statement follows formally from Eqs. (5) - (8) and
the expansion A = Aiei:
δ(ei ·A) = δei ·A+ ei · δA
= Akek · δei + ei · δA = 0. (9)
In the spherical basis of a sphere S2, the basis vectors
eϑ and eϕ at different ϑ and fixed ϕ are related by parallel
transport. As a result, the parallel transport of A along
the meridians of the surface does not change the local
coordinates of A. In particular, the orientation of the
plane of the pendulum relative to the remote stars can
naturally be defined in the local coordinate system of
an observer at the North Pole by invoking the parallel
transport of the pendulum along the meridians. Such
transport does not change ϕE .
The synchronization of coordinate systems in the spe-
cial theory of relativity assumes that the basis vectors of
systems S′ are obtained by boost transformations of the
basis vectors of some preferred coordinate system S. The
statements that the one-parametric family of boosts in a
two-dimensional plane of TxM defines some geodesic in
the hyperboloid u2 = 1 of relativistic velocities and that
the boost of basis vectors is a parallel transport along a
geodesic are proved in Appendix. As a consequence, we
note that parallel transport of a polarization four-vector
a along a geodesic does not change the local coordinates
of a.
The general mathematical formalism required for the
description of Riemannian spaces can be found in the
classical textbooks [1, 18, 23].
A sphere embedded in a three-dimensional Euclidean
space, R3, and a hyperboloid of physical relativistic veloc-
ities embedded in a four-dimensional space of relativistic
velocities, TxM, are simple enough, allowing for a de-
scription of parallel transport using elementary tools.
III. ROTATION OF THE SWING PLANE OF
FOUCAULT’S PENDULUM
A. Dynamic conditions
Pedagogical introductions to the dynamics of Fou-
cault’s pendulum are widely available. We focus on those
aspects of the dynamics which are closely related to the
geometry of the problem (see also [2–6]).
The suspension point of the pendulum traces out a
circular path. The pendulum experiences the Coriolis
force. The reaction force of the pendulum wire resists
gravity [24].
Gravity points towards the center of the Earth while
the force of the wire depends on the motion of the pendu-
lum. The wire compensates for the free-fall acceleration
g and creates a restoring force when the bob deviates
from equilibrium.
The Coriolis force appears in the equations of motion
because of the rotation of the pendulum in the Earth-
bound coordinate system:
FC = 2mv ×Ω, (10)
where m and v are the mass and velocity of the bob, and
Ω is the rotation frequency of the Earth.
5FIG. 2: The Earth is shown as an ideal sphere centered at O,
with the radius | ~OA|. The Foucault’s pendulum is placed
initially at the point A on the circle of fixed polar angle
ϑ = ∠BOA. During one sidereal day, the Foucault’s pen-
dulum completes one period of rotation. Parallel transport
of the pendulum’s plane can be modelled by considering vec-
tor normal to the pendulum’s plane as belonging to tangent
space of the sphere and therefore of the surface of a cone
coaxial with the Earth and tangent to it at the latitude of the
pendulum (the cone looks like a Vietnamese hat). The apex
of the cone is at the point B. The point C is the center of
the circle along which the pendulum moves. B and C belong
to the rotation axis of the Earth.
At the Equator, Ω and v belong to tangent space, so
that FC is collinear with g. In such a case, gravity, the
wire, and the Coriolis force do not change the pendulum’s
state. In the coordinate system of the Earth, the swing
plane of the pendulum does not rotate with respect to
the direction of its motion as the pendulum moves along
the Equator. This property holds for motion along any
arc of a great circle of the Earth.
Now, we are in a position to reformulate the dynamical
evolution of the pendulum as a purely geometrical prob-
lem of parallel transport of the pendulum swing plane.
For the geodesic approximation of the path of the pen-
dulum, one may choose a set of small arcs of great circles
of the Earth. Along such arcs the state of the pendulum
is conserved, as its swing plane does not rotate relative
to the path direction. The swing plane experiences mo-
tion by inertia. However, relative to the circle of a polar
angle ϑ, the swing plane rotates because geometry of the
Earth’s surface is non-Euclidean. In the continuum limit
when the lengths of the arcs tend to vanish, one can
reconstruct the initial circle of the polar angle ϑ and cal-
culate the rotation angle of the plane of the pendulum
swings during one sidereal day.
The Earth has a nonvanishing flattening f ≈ 1/300
(f = (a − c)/a where a is the equatorial radius and b
is the polar radius of an ellipsoid). We treat Earth as
an ideal sphere and neglect small deviations from the
parallel transport connected with that ellipsoidal form.
B. Tangent cone method in Foucault’s pendulum
problem
In Fig. 2 the Earth is pictured covered from the North-
ern Hemisphere by a circular cone with apex B. The cone
is tangent to the Earth at a polar angle ϑ = ∠BOA. A
vector orthogonal to the swing plane moves together with
the pendulum, as shown on Fig. 2. Such a vector belongs
to the tangent spaces of the sphere and the cone. We set
the Earth’s radius equal to unity and obtain
~OA = (n sinϑ, cosϑ), (11)
~CA = (n sinϑ, 0), (12)
~BA = (n sinϑ,−
sinϑ2
cosϑ
), (13)
where n = (cosϕ, sinϕ) is a unit vector in the equatorial
plane. In order to find ~BA, we write ~BA = (n sin θ, z)
and fix z using the orthogonality
~BA · ~OA = 0. (14)
The metric induced by the Euclidean space R3 on the
cone is Euclidean. Indeed, one may choose a coordinate
system on the cone (ρ, ϕ) where ρ is the Euclidean dis-
tance from B and ϕ is the azimuth angle defined earlier.
The infinitesimal distance between two points on the cone
is equal to
dℓ2 = dρ2 + cos2 ϑρ2dϕ2. (15)
By a change of the variable ϕ→ ϕ/ cosϑ (recalling that
ϑ is constant), the metric of the cone becomes that of a
plane in the polar coordinate system.
It is thus possible to cut the cone along the straight
line BA, unfold it and place it on a plane (Fig. 3). The
metric on the cone remains Euclidean. The distances
between points on the cone and angles do not change.
Parallel transport in Euclidean space is, however, sim-
ple and evident. This is shown in Fig. 3 for a vector
tangent at A to the meridian.
The pendulum rotates counterclockwise with the
Earth, whereas the plane of the swings rotates clockwise
in the direction of the rotation of the stars. In the Earth’s
coordinate system, the rotation angle ϕE is negative. Its
value is determined by the ratio between the length of
the arc AA′ along the path of the pendulum, 2π| ~CA|,
and the radius | ~BA| of the circle shown in Fig. 3. The
length of the arc AA′ is the length of a circle centered
at C in Fig. 2, | ~CA| is its radius and | ~BA| is the slant
height of the cone shown in Fig. 2. The lengths of the
6FIG. 3: The cone of Fig. 1 is cut along the line BA, unfolded
preserving the distances and placed on the plane to make
parallel transport of the tangent vectors visual. Foucault’s
pendulum is initially at the point A. It rotates with the Earth
counterclockwise and completes one period when arrives at A.
On the plane, however, it arrives to the point A′ 6= A which
is physically the same as A. The path on the plane is not
closed and the rotation angle ϕE shown by the oriented arc
around the point A′ is smaller than 2π in absolute value. ϕE
determines the rotation angle of the swing plane relative to
the Earth. The points A and B are the same as in Fig. 1.
vectors defined by Eqs. (12) and (13) are | ~CA| = sinϑ
and | ~BA| = tanϑ, and so we obtain
ϕE = −
2π| ~CA|
| ~BA|
= −2π cosϑ. (16)
Relative to the remote stars, the rotation angle is that of
Eq. (1).
Equation (1) is derived for the Northern Hemisphere
where ϑ ≤ π/2. Its validity extends to the Southern
Hemisphere. To prove it, one has to flip Fig. 2 horizon-
tally and repeat the arguments.
IV. THOMAS PRECESSION
Figure 4 shows the three-dimensional projection of the
space of relativistic velocities and the hyperboloid of
physical relativistic velocities
u · u = 1. (17)
The scalar product is calculated using the Minkowski
metric gµν = diag(1,−1,−1,−1). The particle is placed
initially at the point A of the hyperboloid. It has a four-
velocity u = (γ, γv/c), where v is the three-dimensional
velocity.
A. Tangent space of relativistic velocities
1. Polarization vector
The polarization vector of a particle with spin s is de-
fined in its rest frame as the expectation value of the spin
operator sˆ:
a =
1
s
< sˆ > . (18)
Transformation properties of three-dimensional vectors
under Lorentz transformations are uncertain. The polar-
ization of a relativistic spin-s particle must be described
by a four-dimensional vector a. In its rest frame, polar-
ization can be defined as follows
a = (0, a), (19)
with a2 = −a2 = 1 in pure states and a2 = −a2 < 1 in
mixed states.
In the rest frame of the particle,
u = (1,0), (20)
and therefore
u · a = 0. (21)
The scalar product is invariant under Lorentz transfor-
mations, so Eq. (21) holds in all inertial coordinate sys-
tems.
The equivalence principle implies that all phenomena
in the local inertial frame are the same as in the global
inertial frame. The representation (19) therefore holds
in the inertial co-moving coordinate systems of particles
which move with some non-zero acceleration. The ad-
missible variations of a in the local inertial frame are
restricted to rotations of a.
It is possible to arrive at Eq. (21) differently. Using the
angular momentum tensor Mjk and the four-momentum
pl = mul, one can construct a Pauli-Lubanski vector
J i =
1
m
εijklMjkpl, (22)
which is proportional to the polarization four-vector J i =
sai. In order to show that, one may choose the rest frame
p = (m,0) where the orbital momentum is zero, while the
spin part of Mjk contributes to J
i. Equation (21) holds
since εijkl is totally antisymmetric (ε0123 = +1).
From the geometrical point of view, Eq. (21) implies
that a belongs to the tangent space of TxM|u2=1, i.e., to
tangent space of the hyperboloid u2 = 1 of relativistic
velocity space TxM.
There are two contexts of parallel transport of the pre-
cession to consider. One is parallel transport along the
spacetime path of a spinning particle. This spacetime
path is a helix in M. The other is parallel transport
along a latitudinal circle of the hyperboloid.
7The polarization vector a implicitly depends on the
four-dimensional label x ∈ M and the three-dimensional
label u ∈ TxM|u2=1.
The two polarization vectors a and a′ moving with
four-velocities u ∈ TxM|u2=1 and u
′ ∈ Tx′M|u2=1 at
points x ∈M and x′ ∈ M can be compared first when the
four-velocities are equal: u = u′. Two observers at x 6= x′
moving with velocities u = u′ belong to the same iner-
tial coordinate system, up to some rotation. The second
observer turns the axes of his frame in the direction of
the axes of the first observer’s frame. They communicate
and inform each other of the coordinates of a and a′ that
they measure. Such a comparison is formally equivalent
to parallel transporting the vectors a and a′ in Minkowski
spacetime as if these vectors belonged to TxM, although
according to Eq. (21), they belong to the tangent space
of TxM|u2=1.
For x = x′ and u 6= u′, the polarization vectors are
compared by using the scheme of parallel transport in
the physical relativistic velocity space along the geodesic
connecting u and u′.
For x 6= x′ and u 6= u′, the vector a′ is parallel trans-
ported (x′, u′) → (x, u′) in M, then it is parallel trans-
ported (x, u′) → (x, u) along the geodesic in TxM|u2=1
and after that a′ is compared to a.
Since parallel transport in M does not change the vec-
tor coordinates, and, hence, parallel transports in M and
TxM|u2=1 commute, the result is independent of the or-
der of the operations. Thus, the polarization vectors can
be regarded as vectors TxM|u2=1 for any chosen value of
x, e.g., x = (0,0) and can be characterized by a four-
velocity u ∈ TxM|u2=1 only. As a result, an observer
based in some reference frame, e.g., at the origin, is able
to analyze and make consistent conclusions on the char-
acter of the spin precession of a particle moving with any
velocity and acceleration. So, while a spinning particle
follows a helix in Minkowski spacetime, just one observer
draws conclusions about the precession.
In quantum mechanics, the uncertainty relations do
not allow a simultaneous measurement of the coordinates
and velocity. This restriction does not pose constraints
on the formalism, since the localization of particles is not
important, only shifts in the velocity space contribute to
the precession.
2. Angular momentum of gyroscope
The angular momentum of gyroscope, L, is a three-
dimensional vector in its rest frame. The same argu-
ments as for the polarization vector lead us to introduce
a four-vector to characterize it in a relativistically invari-
ant fashion. The easiest way to do that is to start from
the Pauli-Lubanski vector (22). We arrive at the same
conclusions as for the polarization vector, namely, that
the representation J = (0,L) takes place in the rest frame
and J is tangent to the space of physical relativistic ve-
locities, i.e., u · J = 0. In view of the above similarity,
a gyroscope is often treated as a mechanical analog of a
spinning electron.
Under the action of an external force applied to the
center of mass in a chosen direction, the gyroscope is
parallel transported from one inertial coordinate system
to another. For this reason, gyroscope is convenient to
represent coordinate axes of inertial coordinate systems.
3. Four-acceleration of particle
By taking the derivative of the equation u2 = 1, one
gets w · u = 0. The acceleration w = du/ds therefore
belongs to the tangent space of TxM|u2=1 also.
B. Tangent cone method in spin precession
problem
Any sphere and any hyperboloid can be covered by
coaxial circular cones. We construct a cone tangent to
the hyperboloid at point A and along a circle of fixed
γ as well, i.e., along the particle trajectory in the space
of physical relativistic velocities. On the circular orbit,
the tangent spaces of the hyperboloid and the cone coin-
cide. The polarization vector a belongs to those tangent
spaces.
FIG. 4: A three-dimensional projection of the relativistic ve-
locity space. The hyperboloid is a set of physical relativis-
tic velocities with u0 = +
√
1 + u2, u = nγv/c are three-
dimensional vectors. The four-vector ~OA = (γ,nγv/c) shows
the initial four-velocity of the particle on a circular orbit of
constant γ. ~BA belongs to tangent space of the hyperboloid,
since it is orthogonal to ~OA. The cone with the apex B is
tangent to the hyperboloid at particle trajectory (it looks like
a flipped Vietnamese hat). The light cone with the apex O is
shown also.
Let B be the apex of the cone. The vectors of Fig. 4
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~OA = (γ,nγv/c), (23)
~CA = (0,nγv/c), (24)
~BA = (γv2/c2,nγv/c), (25)
where n is a unit vector in the rotation plane of the par-
ticle. In order to fix ~BA, one can set ~BA = (y,nγv/c)
and determine y from the orthogonality
~BA · ~OA = 0. (26)
Equations (23) - (26) are similar to equations (11) - (14).
The vector ~BA is tangent to the hyperboloid. In the
course of the parallel transport, its rotation angle coin-
cides with the rotation angle of the polarization vector.
The induced metric on the cone can be obtained as fol-
lows: the points of the cone are characterized by vectors
~BX = ρ(v/c,n), (27)
where n = (cosφ, sinφ, 0) lies in the rotation plane (x, y).
The vectors ~BX are obtained by dilatation and rotation
of ~BA around the z axis. We vary ρ and φ at fixed γ.
The variation of ~BX is tangent to the cone and can be
represented by
d ~BX =
∂ ~BX
∂ρ
dρ+
∂ ~BX
∂φ
dφ
= dρ(v/c,n) + ρ(0, dn), (28)
where dn = (− sinφ, cosφ, 0)dφ, so that n · dn = 0.
The length of the four-vectors is given by
| ~XY | =
√
− ~XY · ~XY . (29)
Space-like four-vectors have real lengths.
The infinitesimal length between two points on the
cone is determined from the scalar product dℓ2 = −d ~BX ·
d ~BX . Using Eq. (28), we obtain
dℓ2 = dρ2/γ2 + ρ2dφ2. (30)
In order to bring dℓ2 to a form identical to that of Eu-
clidean space, we scale φ → φ/γ and ρ → γρ and arrive
at
dℓ2 = dρ2 + ρ2dφ2. (31)
The metric induced on the cone by Minkowski space-
time is thus Euclidean. Equation (31) gives it in a polar
coordinate system. The cone of Fig. 4 can therefore be
cut along BA, unfolded to preserve the distances and the
angles and placed on a plane as shown on Fig. 5.
The particle rotates counterclockwise, while its polar-
ization vector rotates clockwise. In the co-moving coordi-
nate system, the rotation angle φE is negative. Its value
is determined by the ratio between the length of the arc
AA′ along the path of the particle trajectory i.e. 2π| ~CA|
and the circle of radius | ~BA|.
The path represents a circle of fixed latitude in the
hyperboloid of physical relativistic velocities as shown
on Fig. 4. Its length is fixed by the radius | ~CA|. On the
plane of Fig. 5, the angle covered by the arc AA′ along
the path is greater than 2π.
FIG. 5: The cone of Fig. 4 with the apex at B was cut along
BA, unfolded with preserving the intervals and placed on the
plane. During one turn of the particle from A to A′ along the
circular orbit its polarization vector rotates by |φE | > 2π in
the co-moving coordinate system. The points A (= A′) and
B are the same as in Fig. 4.
The lengths between the points A, B and A, C can be
found with the help of Eqs. (24) and (25):
| ~CA| = γv/c, (32)
| ~BA| = v/c. (33)
~CA and ~BA are space-like four-vectors and their lengths
make physical sense. Finally, we obtain
φE = −
2π| ~CA|
| ~BA|
= −2πγ. (34)
In an inertial coordinate system the origin of which x =
y = z = 0 coincides with the axis of a spiral trajectory of
the particle in M, the rotation angle φS = 2π+φE takes
the form of Eq. (2).
In the space TxM, such a coordinate system is in the
vertex u = (1,0) of the hyperboloid u2 = 1. From the
standpoint of the problem of Foucault’s pendulum, it can
be viewed as an analogue of a local coordinate system of
an observer on the North Pole.
Meridians on a sphere are formed by a trace of the
point (0, 0, 1) under rotation in the planes of vectors
(0, 0, 1) and (cosϕ, sinϕ, 0), where ϕ is the azimuthal an-
gle numbering the meridians. Analogous to meridians are
orbits in TxM formed by a trace of the point u = (1,0)
under boost transformations in the planes of four-vectors
(1,0) and (0,n), where n is the unit vector numbering
9the orbits. Orbits of the point (1,0) are geodesics as well
as meridians on a sphere (see Appendix).
Equation (1) can be converted to Eq. (2) by replacing
ϑ→ iθ which corresponds formally to the replacement of
rotations by Lorentz transformations.
In the co-moving coordinate system, the particle ex-
periences a centrifugal force, the Coriolis force, and the
reaction force. These forces act to keep the particle at
rest. Their cumulative effect on the spin rotation, how-
ever, cannot be estimated without specifying the Lorentz
nature of the reaction force.
The circular orbit of the particle can be approximated
by a set of small segments of geodesics of the hyper-
boloid. Such segments correspond to boost transforma-
tions which induce parallel transport of the polarization
vectors as discussed in Section II. Geodesics of the hy-
perboloid are analogues of the arcs of great circles of a
sphere. In the continuum limit, geodesic approximations
of the path become a circle of constant γ. Parallel trans-
port along the path gives a geometric, universal compo-
nent of the spin precession.
In the external Lorentz-scalar potentials, the reaction
force does not contribute to the spin precession, so the
Thomas precession effect gives the complete answer. This
can be interpreted to mean that Lorentz-scalar potentials
do not generate torques.
For external Lorentz-vector potentials, the spin of the
particles does experience torques which result in the so-
called Larmor precession [25]. The latter case is that
of ordinary [12, 25] and µ-meson and hyperon exotic
atoms [26–28]. The Thomas and Larmor effects thor-
oughly determine the spin precession in agreement with
the Bargmann-Michel-Telegdi equation [28, 29].
Due to purely kinematic nature, Thomas spin preces-
sion affects spectroscopy and static characteristics of nu-
clei [25] and hadrons [30, 31].
V. CONCLUSION
A simple method employing tangent cones that has
been used earlier to illustrate the effect of curvature on
the rotation of vectors transported along the surface of a
sphere [1] and to describe the rotation angle of the swing
plane of Foucault’s pendulum [2, 3] has been extended
to describe the effect of Thomas precession of relativistic
particle moving along a circular orbit.
In the problems of Foucault’s pendulum and Thomas
spin precession, vectors characterizing the system are not
influenced by an external rotating moment and evolve by
inertia, undergoing parallel transport. A close analogy
between parallel transport of vectors along the surface
of a sphere in three-dimensional Euclidean space and the
hyperboloid u2 = 1 in the space of relativistic velocities
has been exploited. In both cases, the evolution is re-
duced to parallel transport in the usual Euclidean space
represented by the tangent cone surface.
The tangent cone method facilitates a straightforward
derivation of Eq. (2) and interpretation of Thomas spin
precession using our intuition of parallel transport in Eu-
clidean space.
Appendix A: Geodesics in relativistic velocity space
Here, we prove two statements made at the end of Sec-
tion II.
1. The points u, u′ ∈ TxM|u2=1 describe two inertial
reference frames S and S′. In the frame S, u = (1,0).
We write u′ as
u′ = (cosh θ,n sinh θ), (A1)
where v = cn tanh θ is the velocity of S′ in the frame S,
and n is the unit vector. Reference frames S and S′ are
related by a boost in the plane (u, u′).
The metric induced in TxM|u2=1 is determined by the
interval ds2 = du · du and in variables (A1) is given by
ds2 = −dθ2 − sinh2 θdn2. (A2)
The interval between two points on TxM|u2=1 is nega-
tive, furthermore, −ds2 ≥ dθ2. Thus, we find
∫ u′
u
√
−ds2 ≥ θ. (A3)
Any deviations from curve (A1) that connects points u
and u′ by θ for fixed n increase the distance between
u and u′. Hence, the set of 4-velocities (A1) with con-
stant n determines a geodesic on TxM|u2=1. On the other
hand, this geodesic is an orbit formed by a trace of the
point u = (1,0) under boost transformations in the plane
of vectors (1,0) and (0,n).
2. Basis vectors of the tangent space TxM|u2=1 can be
chosen as
eθ =
∂u′
∂θ
= (sinh θ, er cosh θ), (A4)
eϑ =
1
sinh θ
∂u′
∂ϑ
= (0, eϑ), (A5)
eϕ =
1
sinh θ sinϑ
∂u′
∂ϕ
= (0, eϕ), (A6)
where er = n ≡ (sinϑ cosϕ, sinϑ sinϕ, cosϑ) and
eϑ =
∂n
∂ϑ
, (A7)
eϕ =
1
sinϑ
∂n
∂ϕ
(A8)
are the basis vectors of the spherical reference frame in
R
3. We note that eα · eβ = −δαβ along the geodesic.
For a displacement θ → θ + δθ corresponding to a
boost in the direction n, basis vectors (A4) - (A6) change.
Their variations satisfy the conditions
eα · δeβ = 0, (A9)
which are the parallel transport conditions according to
(8).
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